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Abstract. The three-dimensional Cauchy problem for the heat conduction equation with a fractional Jeffreys-type constitutive law
is studied. Two different cases are distinguished: diffusion and propagation regimes. In the diffusion regime the three-dimensional
fundamental solution is shown to be a spatial probability density function evolving in time. In the propagation regime the solution
can have negative values, and therefore, does not allow a probabilistic interpretation. Explicit integral representation for the three-
dimensional fundamental solution is derived and used for numerical experiments.

INTRODUCTION

This work is concerned with the multi-dimensional fractional Jeffreys-type heat conduction equation

(
1 + τqDαt

) ∂
∂t

T (x, t) = D (1 + τT Dαt
)
ΔT (x, t), x ∈ Rn, t > 0, (1)

where T is the temperature, τq and τT are relaxation times,D is the thermal diffusivity, x denotes the position vector,
t is the temporal variable, Dαt is the Riemann-Liouville fractional time-derivative of order α, 0 < α ≤ 1, Δ denotes the
spatial Laplace operator, Δ =

∑n
j=1 ∂

2/∂x2
j .

The fractional Jeffreys-type equation (1) generalizes the classical Fourier heat conduction equation, obtained by
setting τq = τT = 0, the Cattaneo (or telegrapher’s) equation, obtained by setting τT = 0 and α = 1, and the classical
Jeffreys-type heat equation, which corresponds to α = 1, τq, τT > 0, τq � τT .

The fractional Jeffreys-type heat conduction equation is proposed in [1]. The one-dimensional Cauchy problem
for equation (1) is solved analytically in ([2], Chapter 7) by means of the Laplace and Fourier transforms in the time
and space domains, respectively. In [3] equation (1) is studied for τq > τT in the context of unidirectional flows of
viscoelastic fluids. In [4] an initial-value problem for the classical version (α = 1) of the three-dimensional equation
(1) is studied, where unphysical behavior of the solution with negative values is found for τq > τT . To address the
shortcomings reported in [4] a fractional Jeffreys-type equation of a general form is proposed and studied in [5]. In
[6] the fundamental solution to the Cauchy problem for equation (1) is studied analytically and numerically with the
main emphasis on the one-dimensional case.

In this work we continue our study in [6] and analyze the behavior of the three-dimensional fundamental solution
to the Cauchy problem for equation (1) with n = 3.

The paper is organized as follows. The next section contains preliminaries. In the following section the properties
of the three-dimensional fundamental solution are studied based on a relation with the one-dimensional solution
and on the properties of its Laplace transform. An explicit integral representation is derived and used for numerical
experiments for different values of the parameters. The mean squared displacement is also derived. The last section
contains concluding remarks.
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PRELIMINARIES

The Riemann–Liouville fractional derivative Dαt of order α ∈ (0, 1) is defined as [7]

Dαt u(t) =
1

Γ(1 − α)

d

dt

∫ t

0

(t − t′)−αu(t′) dt′, α ∈ (0, 1). (2)

The Laplace transform of a function u(t), t ∈ R+, is denoted by

L{u(t)}(s) = û(s) =

∫ ∞
0

e−stu(t) dt.

For a function of several variables we denote by û(x, s) or L{u}(x, s) the Laplace transform of u(x, t) with respect to t.
The Laplace transform pair related to the Riemann–Liouville fractional derivative is

L{Dαt u}(s) = sαL{u}(s), α ∈ (0, 1), (3)

provided u is continuous function satisfying u(0) < ∞ (see, e.g., [7], Chapter 1, Equation (1.29)).
The Fourier transform of a function v(x), x ∈ Rn, is given by

F {v(x)}(k) = ṽ(k) =

∫
Rn

eik·xv(x) dx, k ∈ Rn.

The Fourier transform pair corresponding to the Laplace operator Δ of a function v(x), x ∈ Rn, such that
lim|x|→∞ v(x) = 0, is

F {Δv}(k) = −|k|2F {v}(k), k ∈ Rn. (4)

A function ϕ : R+ → R is said to be a completely monotone function (CMF ) if it is of class C∞ and

(−1)nϕ(n)(λ) ≥ 0, λ > 0, n = 0, 1, 2, ... (5)

The characterization of the class CMF is given by the Bernstein’s theorem, which states that a function is
completely monotone if and only if it can be represented as the Laplace transform of a non-negative measure (non-
negative function or generalized function).

A non-negative function ϕ ∈ C∞(R+) is said to be a Bernstein function (BF ) if ϕ′(λ) ∈ CMF .
For details on the classes CMF and BF and other related classes of functions we refer to [8, 9].
The two-parameter Mittag–Leffler function is defined by the series

Eα,β(z) =

∞∑
k=0

zk

Γ(αk + β)
, α, β, z ∈ C, �α > 0. (6)

The Mittag–Leffler function satisfies the Laplace transform identity (see, e.g., [7], Equation (E.53))

L
{
tβ−1Eα,β(−ωtα)

}
(s) =

sα−β

sα + ω
. (7)

The function Eα,β(−λ) ∈ CMF for λ > 0 if 0 < α ≤ 1 and β ≥ α (see, e.g., [7], Equation (E.32)).

THREE-DIMENSIONAL FUNDAMENTAL SOLUTION AS A PROBABILITY DENSITY

We are concerned with the solution to the Cauchy problem for the fractional Jeffreys’ heat conduction equation

(
1 + τqDαt

) ∂
∂t

T (x, t) = D (1 + τT Dαt
)
ΔT (x, t), x ∈ Rn, t > 0, (8)

T (x, 0) = T0(x); lim
t→0+

∂

∂t
T (x, t) = 0, x ∈ Rn, (9)

lim
|x|→∞

T (x, t) = 0, t > 0. (10)
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By applying Laplace transform with respect to the temporal variable and Fourier transform with respect to the
spatial variables in equation (8) and taking into account initial conditions (9), the boundary condition (10), and iden-
tities (3) and (4) we derive the solution of the Cauchy problem in Fourier-Laplace domain

̂̃T (k, s) =
g(s)/s

g(s) + |k|2 T̃0(k), k ∈ Rn, s > 0, (11)

where g(s) denotes the following characteristic function

g(s) =
s(1 + τqsα)
D(1 + τT sα)

, s > 0. (12)

Therefore, the solution of the Cauchy problem (8)-(9)-(10) is given by the integral

T (x, t) =
∫
R3

Gn(x − y, t)T0(y) dny, x ∈ Rn, t > 0.

where Gn(x, t) is the fundamental solution (Green function), which corresponds to T0(x) = δ(x) =
∏n

j=1 δ(x j), x ∈ Rn,
with δ being the Dirac delta function. From (11) we deduce that the fundamental solution is defined in Fourier-Laplace
domain as ̂̃Gn(k, s) =

g(s)/s
g(s) + |k|2 , k ∈ Rn, s > 0. (13)

Applying the formula for inverse Fourier transform, we deduce from (13)

Ĝn(x, s) =
g(s)

(2π)ns

∫
Rn

e−ik.x

g(s) + |k|2 dnk, x ∈ Rn, s > 0. (14)

Our goal now is to establish a relation between G3(x, t) and G1(x, t) by the use of identity (14). In the case n = 3
we have in spherical coordinates d3k = k2 sin θ dϕ dθ dk, where k = |k| ∈ (0,∞), ϕ ∈ (0, 2π), and θ ∈ (0, π) is taken to
be the angle between x and k. Thus, k.x = kr cos θ, where r = |x|. Therefore

Ĝ3(x, s) =
g(s)

(2π)3s

∫
R3

e−ik.x

g(s) + |k|2 d3k =
g(s)

(2π)2s

∫ ∞
0

k2

g(s) + k2

∫ π
0

exp(−ikr cos θ) sin θ dθ dk.

Taking into account that ∫ π
0

exp(−ikr cos θ) sin θ dθ =
eikr − e−ikr

ikr
it follows

Ĝ3(x, s) =
g(s)

(2π)2rs

∫ ∞
−∞

ike−ikr

g(s) + k2
dk, r = |x|. (15)

On the other hand, in the one-dimensional case (14) implies

Ĝ1(x, s) =
g(s)

2πs

∫ ∞
−∞

e−ikx

g(s) + k2
dk. (16)

A comparison of (15) and (16) yields

Ĝ3(x, s) = − 1

2πr
∂

∂r
Ĝ1(r, s), r = |x|. (17)

Applying the well-known formula

F {exp(−a|x|)} (k) =
2a

a2 + k2
, a > 0; x, k ∈ R,

we get from (11) the Laplace transform of the fundamental solution of the one-dimensional problem

Ĝ1(x, s) =

√
g(s)

2s
exp
(
−|x|√g(s)

)
, x ∈ R, s > 0. (18)
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Combining (17) and (18) yields

Ĝ3(x, s) =
g(s)

4π|x|s exp
(
−|x|√g(s)

)
, x ∈ R3, s > 0. (19)

Applying inverse Laplace transform in (17) we obtain that an analogous relation holds true between the three-
dimensional and the one-dimensional solutions:

G3(x, t) = − 1

2πr
∂

∂r
G1(r, t), r = |x|. (20)

Let us deduce information about the behavior of the three-dimensional fundamental solution, based on relations
(17), (18), (19), and (20). First, from (19) or (20) we see that G3(x, t) is a radial function, since its value at each point
x ∈ R3 depends only on the distance r = |x| between that point and the origin.

It is proven in [6] that the one-dimensional fundamental solution G1(x, t) is a spatial probability density evolving
in time, i.e. it is nonnegative and normalized:

G1(x, t) ≥ 0,

∫
R

G1(x, t) dx = 1, x ∈ R, t ≥ 0.

In this section we discuss the question whether the three-dimensional fundamental solution is a spatial probability
density.

We first check that the three-dimensional solution G3(x, t) is always normalized, i.e. that it satisfies the identity∫
R3

G3(x, t) d3x = 1, x ∈ R3, t ≥ 0, (21)

which, by applying the uniqueness property of Laplace transform, is equivalent to∫
R3

Ĝ3(x, s) d3x = 1/s, x ∈ R3, s > 0. (22)

Taking into account (19) and switching to spherical coordinates, we represent the last integral in the form∫
R3

Ĝ3(x, s) d3x =
g(s)

4πs

∫
R3

1

|x| exp
(
−|x|√g(s)

)
d3x

=
g(s)

4πs

∫ 2π

0

∫ π
0

∫ ∞
0

1

r
exp
(
−r
√

g(s)
)

r2 sin θ dr dθ dϕ

=
g(s)

s

∫ ∞
0

r exp
(
−r
√

g(s)
)

dr =
1

s
, s > 0.

For the last equality we have used the identity∫ ∞
0

rb−1 exp(−ar) dr =
Γ(b)

ab , b > 0, a > 0, (23)

which follows from the definition of the Gamma function Γ(·). In this way (22), and thus (21), is proved. Therefore,
the three-dimensional fundamental solution is always normalized.

Further, in order to determine whether the three-dimensional solution is positive, we use relation (20) and the
monotonicity properties of the one-dimensional solution. In [6] we presented plots of one-dimensional solutions for
different values of the parameters and observed the following. The behavior of the one-dimensional solution is typical
for a diffusion process when τq < τT : it is monotonically decreasing in x for x > 0. Therefore, according to (20), in
this case the three-dimensional solution will be positive everywhere. On the other hand, for τq > τT the behavior of
the one-dimensional solution is typical for a propagation process, with a maximum moving away from the origin. That
is, in the case τq > τT , the one-dimensional fundamental solution, considered as a function of x, x > 0, is initially an
increasing function, attaining a maximum at x∗ � 0, and after that it decreases monotonically to 0 as x → ∞. This,
according to (20) implies negative values for the three-dimensional solution.
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Next we prove strictly the above observations for the one-dimensional solution and the corresponding results for
the three-dimensional solution.

First, let τq < τT . In this case g(s) ∈ BF and
√

g(s) ∈ BF , see [6], Proposition 2. Therefore, g(s)/s ∈ CMF
and exp(−a

√
g(s)) ∈ CMF for a > 0. Since the class CMF is closed under point-wise multiplication, it follows

g(s)

s
exp(−a

√
g(s)) ∈ CMF , a > 0, τq < τT . (24)

Therefore (19) implies Ĝ3(x, s) ∈ CMF for s > 0 when |x| is considered as a parameter. This, according to Bernstein’s
theorem implies the nonnegativity of G3(x, t) for τq < τT . Therefore, in the diffusion regime τq < τT the three-
dimensional fundamental solution is a spatial probability density function evolving in time.

Due to relation (20) the three-dimensional solution G3(x, t) is nonnegative if and only if the one-dimensional
solution is monotonically decreasing in x for x > 0. Next we show that in the case τq > τT the solution G1(x, t) is an
increasing function of x near the origin, for all t > 0. Indeed, differentiation of (18) yields

L
{
∂G1

∂x

}
(x, s) =

∂

∂x
Ĝ1(x, s) = −g(s)

2s
exp
(
−x
√

g(s)
)
, x ≥ 0, s > 0.

Therefore

lim
x→0+

∂

∂x
Ĝ1(x, s) = −g(s)

2s
= − 1 + τqsα

2D(1 + τT sα)
= − τq

2DτT

(
τT − τq

τqτT

1

sα + 1/τT
+ 1

)
,

which, after inverting the Laplace transform by the use of (7) and δ̂ = 1 yields

lim
x→0+

∂

∂x
G1(x, t) = − τq

2DτT

(
τT − τq

τqτT
tα−1Eα,α

(
− tα

τT

)
+ δ(t)

)

Therefore, due to the fact that the Mittag-Leffler function is positive, it follows for all t > 0

lim
x→0+

∂

∂x
G1(x, t) > 0, τq > τT .

Taking into account relation (20) this implies that in the case τq > τT the three-dimensional solution is negative near
the origin, |x| < r∗.

The behavior of the fundamental solution is illustrated in the next section.

INTEGRAL REPRESENTATION OF THE FUNDAMENTAL SOLUTION AND PLOTS

Explicit integral representation for G3(x, t) can be derived by applying the complex Laplace inversion formula to (19),
which gives:

G3(x, t) =
1

2πi

∫ γ+i∞

γ−i∞
estĜ3(x, s) ds =

1

8π2i|x|
∫ γ+i∞

γ−i∞
g(s)

s
exp
(
st − |x|√g(s)

)
ds, γ > 0. (25)

The function under the integral sign in (25) can be analytically extended to C\(−∞, 0]. For the multivalued function
sα = exp(α ln s) the principal branch is considered. By the Cauchy’s theorem, the integration on the Bromwich path
(γ − i∞, γ + i∞) can be replaced by integration on the contour D ∪ D0, where

D = {s = ir, r ∈ (−∞,−ε) ∪ (ε,∞)}, D0 = {s = εeiθ, θ ∈ [−π/2, π/2]}.
Indeed, the integrals on the contours {s = σ ± iR, σ ∈ (0, γ)} vanish for R → ∞ due to the following asymptotic
expression

|g(s)| ≈ τq

τT
|s| = τq

τT
(σ2 + R2)1/2, R→ ∞,

and

�√g(s) ≈
√
τq

τT
|s| cos

arg s
2
≈
(
τq

τT
(σ2 + R2)1/2

)1/2
cos(±π/4), R→ ∞.
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FIGURE 1. The fundamental solution G3(x, t) versus r = |x| for α = 0.7, τq = 1, τT = 0.1, and t = 0.2, 0.3, 0.4, 0.8, 1.2 (left); for
t = 0.3, τq = 1, τT = 0.1, and α = 0.05, 0.25, 0.5, 0.75, 1 (right).

The integral on the semi-circular contour D0 also vanishes for ε→ 0 due to the limit

lim
s→0

s
(

g(s)

s
exp
(
st − |x|√g(s)

))
= lim

s→0
g(s) = 0.

Therefore, integration on the contour D yields after letting ε→ 0

G3(x, t) =
1

2πi

∫ +i∞

−i∞
estĜ3(x, s) ds =

1

4π2|x|
∫ ∞

0

�
(
eiσtg(iσ) exp

(
−|x|√g(iσ)

)) dσ

σ
.

To get an explicit expression it remains to find the imaginary part of the function under the integral sign. We apply
the formula for the real and imaginary parts of the square root of a complex number and obtain after some standard
manipulations the following result for x ∈ R3\{0} and t > 0:

G3(x, t) =
1

4π2|x|
∫ ∞

0

exp
(−|x|K−(σ)

) (−A(σ) sin
(
σt − |x|K+(σ)

)
+ B(σ) cos

(
σt − |x|K+(σ)

))
dσ, (26)

where K±(σ) are defined by

K±(σ) =
(
σ

2

)1/2 ((
A2(σ) + B2(σ)

)1/2 ± A(σ)
)1/2

(27)

with

A(σ) =
(τq − τT )σα sin(απ/2)

D
(
1 + 2τTσα cos(απ/2) + τ2

Tσ
2α
) , B(σ) =

1 + (τq + τT )σα cos(απ/2) + τqτTσ
2α

D
(
1 + 2τTσα cos(απ/2) + τ2

Tσ
2α
) . (28)

An alternative way to deduce (26) is to use relation (20) and the formula for the one-dimensional fundamental
solution G1(x, t), derived in [6], Theorem 2.

The integral representation (26) is used for numerical computation and visualization of the fundamental solution
G3(x, t) for different values of the parameters. For the numerical computation of the improper integral in (26) the
MATLAB subroutine “integral” is used.

Some plots of the fundamental solution G3(x, t) withD = 1 are presented in Figures 1 and 2. The presented plots
concern only the propagation regime τq > τT , more precisely τq = 1, τT = 0.1.

In Figure 1 the fundamental solution G3(x, t) is plotted as a function of r = |x| for different values of the temporal
variable t (left) and for different values of the fractional order α (right), including the classical case α = 1. In Figure 2
the solution is plotted as a function of t for different values of r = |x|.

All of the presented plots confirm that in the case τq > τT the solution G3(x, t) admits negative values for
sufficiently small r = |x|.
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FIGURE 2. The fundamental solution G3(x, t) versus t for α = 0.7, τq = 1, τT = 0.1, and different values of r = |x|: r = 0.1, 0.2, 0.3
(left); r = 0.4, 0.5, 0.7, 0.9 (right).

MEAN SQUARED DISPLACEMENT

Let us first calculate the moments of the solution G3(x, t) of order β, i.e. the integrals

Iβ(t) =
∫ ∞

0

rβG3(r, t) dr, β > 0.

In Laplace domain we obtain by applying (19) and (23)

Îβ(s) =

∫ ∞
0

rβĜ3(r, t) dr =
g(s)

4πs

∫ ∞
0

rβ−1 exp
(
−r
√

g(s)
)

dr =
Γ(β)g(s)1−β/2

4πs
, β > 0, (29)

where g(s) is the characteristic function (12).
Let us calculate the mean squared displacement (MSD). In Laplace domain by switching to spherical coordinates

and using (29) we deduce∫
R3

|x|2Ĝ3(x, s) d3x =
g(s)

4πs

∫
R3

|x| exp
(
−|x|√g(s)

)
d3x =

g(s)

4πs

∫ 2π

0

∫ π
0

∫ ∞
0

r3 exp
(
−r
√

g(s)
)

sin θ dr dθ dϕ = 4πÎ4(s).

Therefore, ∫
R3

|x|2Ĝ3(x, s) d3x =
6

sg(s)
. (30)

On the other hand, in the case of one spatial dimension we have by the use of (18) and (23)∫
R

x2Ĝ1(x, s) dx =

√
g(s)

s

∫ ∞
0

x2 exp
(
−x
√

g(s)
)

dx =
2

sg(s)
.

Therefore ∫
R3

|x|2G3(x, t) d3x = 3

∫
R

|x|2G1(x, t) dx.

This relation implies that the three-dimensional MSD differs from its one-dimensional counterpart by a factor of 3
and therefore has the same qualitative behavior as the one-dimensional MSD. By inversion of the Laplace transform
in (30) we deduce by the use of identity (7) (see also Eq. (44) in [6])∫

R3

|x|2G3(x, t) d3x = 6
τT

τq
t +

6

τq

(
1 − τT

τq

)
tα+1Eα,α+2

(
− tα

τq

)
.
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CONCLUDING REMARKS

In this paper we study the fundamental solution for the three-dimensional fractional Jeffreys-type heat equation. While
in the diffusion regime (τq < τT ) it is a spatial probability density function evolving with time, in the propagation
regime (τq > τT ) it is negative for sufficiently small |x| and, therefore, does not allow a probabilistic interpretation.

A strong analogy is observed between the established properties of the three-dimensional fundamental solution
to the Jeffreys-type heat equation and those of the fractional diffusion-wave equation with the Caputo time-derivative
(see e.g. [10]) with its two different regimes: diffusion and propagation (corresponding to time-derivative of order
0 < β < 1 and 1 < β < 2, respectively).

The technique developed in this work can be applied to generalized time-fractional diffusion-wave equations (for
a definition see e.g. [11]) with a general characteristic function g(s), satisfying g(s) ∈ BF in the diffusion regime and√

g(s) ∈ BF , g(s) � BF in the propagation regime.
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